The effect of density fluctuations upon light propagation is calculated perturbatively in a matter dominated irrotational universe. The starting point is the perturbed metric (second order in the perturbation strength), while the output is the Hubble diagram. Density fluctuations cause this diagram to broaden to a strip. Moreover, the shift of the diagram mimics accelerated expansion.
Conventions
We use the Landau conventions, i.e., we assume + − −− signature for the metric. The zeroth component of a four-vector is timelike, the first, second and third components are spacelike. Four-vectors are indexed by Latin letters, three-vectors by Greek letters. Throughout we use c = 1 units.
The Sachs optical equations
A light ray may be parametrized along its path by a parameter λ so that its four-velocity u i is defined by
It is a null vector,
and satisfies the geodesic equation
Let us introduce another independent null vector w i along the path. It satisfies
and
Furthermore, let us define two spacelike unit vectors L i α (α, β = 1, 2) that are orthogonal to both the null vectors u i and w i :
We also require that the vectors L i α are parallel translated along the light ray:
Eqs. (3), (6), (10) ensure that if Eqs. (4), (5), (7), (8), (9) are satisfied at one single point of the light ray, they will be satisfied at any other point of it as well. For the separation ξ i of two light rays we assume
hence we have
The coefficients d α describe the proper separation of the two nearby light rays. For their derivative with respect to the path parameter λ we have in the most general case (since no rotation is possible)
where w αβ is symmetric and traceless:
Now, the geodesic deviation equation
leads to the Sachs optical equations for the expansion rate Θ and shear w αβ :
where
and C ijkl stands for the Weyl tensor. The physical situation (e.g., that the two nearby light rays are emitted from a point source) is specified by the initial conditions. After having solved these equations, Θ governs the change of the cross section A of a light beam:
Perturbation expansion
We are going to consider a narrow light beam that propagates in a spacetime with a slightly perturbed FRW metric. Hence, the expansion is done over the corrections of the metric, the zeroth order being the (flat) FRW metric. We expand all the above quantities as follows (if the zeroth order is automatically zero, we leave that out):
Explicitly, according to Ref. [1] g (0) 00
0α = 0 , g
Here t 0 stands for the present time, while a(t) = (t/t 0 ) 2/3 denotes the standard Friedmann-Robertson-Walker scale factor in a matter dominated homogeneous, isotropic, flat universe. Indices are raised and lowered by the Eucledian metric δ αβ . Our consideration is restricted to scalar perturbations and the expanding mode. It is characterized by the scalar function F ({x α }) which depends only on the spatial coordinates.
w αβ = w
The trajectory of the light ray will be given parametrically as (t(λ), r(λ), ϑ(λ), φ(λ)), which will also be expanded as
Note that we shall use throughout a comoving synchronous gauge, since we consider a dust-filled universe. Hence, g 00 = 1 and g 0α = 0 to all orders (using c = 1).
As we consider the perturbation of a light ray, all quantities depend on the parameter λ (we shall use mainly t (0) instead). In case of the field variables this means explicitly that e.g.
i.e., we take the arguments along the light ray. This dependence should also be taken account when performing the perturbation expansion.
Zeroth order
In zeroth order we write for the line element
thus g
ij is diagonal, and
In a matter dominated universe with zero pressure we have
where a 0 stands for the scale factor at the present age t 0 and τ is a parameter depending on the previous history of the universe. In what follows, we set τ = 0, which means that t is not measured from the Big Bang, and thus t 0 is not the actual age of the universe. Certainly, one may change in the final expressions t to t − τ again. Also, we take a 0 = 1. The nonzero components of the Christoffel symbol are
The Ricci tensor is diagonal with the elements
The Weyl tensor vanishes. The results for a light beam emitted from a point source at time t 1 and arriving at the origin at t 0 are the following:
For the trajectory we getṙ
or
while ϑ (0) and φ (0) are constant. We also introduce the radial coordinate distance from the source:
For the expansion rate we have
and thus the cross section area of the beam is
The intensity of the light beam is then
where L stands for the absolute luminosity (radiated energy pro time unit). It is customary to express it in terms of the red shift z = measured wavelength − emitted wavelength emitted wavelength
Since the scale factor a is proportional to t 2/3 , we have
The Hubble parameter H 0 is given by
Note again that t 0 is not the actual age of the universe. We shall also need the zeroth order expression of w i and L i α . They are given by
First order
As w αβ vanishes in zeroth order, Eq.(17) implies that for a second order calculation of Θ one needs the first order corrections of w αβ and C ijkl . In contrast, corrections of R jk and u j are needed up to second order. As the corrections to the metric are given, we consider it and all of its derivatives as known quantities and seek for corrections of the path, expansion and shear of the light beam. In this section we consider the first order corrections. As the Sachs optical equations refer to a certain light trajectory, the deformation of that trajectory should also be taken into account. Therefore, we start with the equations (1)-(3). For the first order correction of u j we have
Inserting the zeroth order expressions we have
Similarly, the geodesic equation implies
Inserting the zeroth order expressions this leads to
As the right hand sides of these equations are in principle known functions of λ (or, equivalently, of ζ ≡ t (0) , cf. Eq.(56)) Eqs. (82), (83) can be directly integrated to get
Here the constant of integration (or, equivalently, the lower limit of the integral) is determined by the criterion that u ϑ(1) (ζ) must not diverge at ζ = t 0 . A divergence corresponds to a zeroth order change in the direction, describing a light ray not hitting the observation point (i.e., the origin). As Eq.(84) shows, such divergence does not occur, and the direction of the light ray is not even changed at ζ = t 0 . It does change (due to the perturbation), however, at the source, i.e., at ζ = t 1 .
A further integration yields the first correction to the angle ϑ, namely,
The integration constant has been determined by the condition that ϑ (1) (t 1 ) = 0, as the initial position is fixed. Similarly we have for the other angle
All quantities above are considered as functions of ζ ≡ t 
Again, a dot means derivative with respect to ζ ≡ t (0) . The solution of Eq.(88) can be written as
while α and β are integration constants. Note that in Eq.(90) the arguments of ∂ 2 F/∂r 2 are to be taken along the light ray, hence, it also depends on ζ. We also made use of the fact that a ∝ ζ 2/3 . Now we have
where γ is a further integration constant. The three integration constants α, β, γ are determined by the conditions
We get α = 3 5
The first order correction of the expansion rate Θ satisfies the equation (cf. Eq.(17))
Inserting the zeroth order terms on the left hand side, we have
where χ 
Note that the integration constant (i.e., the lower integration border) is fixed by the condition that no singularity can appear at ζ = t 1 since that would amount to a change of the light source position. The first order correction of the beam area satisfies the equation (cf. Eq. (20))
or, inserting the explicit zeroth order expressions
Its solution is
The integration constant is determined by the condition that the solid angle at small distances is given, i.e., A 1 )ξ
Let us sketch how to get the corrections to the Hubble diagram. We have now expressions for A and u t parametrized by t 1 . (Note that t 0 is fixed.) The intensity and redshift are expressed as
respectively. Hence, the Hubble diagram I(z) is given in a parametric form.
In the second order calculation we shall also need the first order correction to w αβ . From Eq.(18) we get
i.e.
The solution sounds
Again, the integration constant is fixed by the condition that no singularity may appear at ζ = t 1 . For completeness, below we present the explicit expressions for all the relevant first order corrections. 
The first order corrections to the Hubble diagram are given by
t1 t0 1 )ξ
or, in terms of the luminosity distance,
Note that Eq.(123) is just the Sachs-Wolfe effect [2] .
Second order
First of all, we need the second order correction to the path and the four velocity u i . Again, we use both Eq. (2) and Eq.(3). We get from Eq. (2) 2 a
Similarly, Eq.(3) leads to
dλ 2 + 2(
dλ 2 + 2( 
As before, the solution of Eq.(131) is
For the second order correction of the beam area we get the equation
.
Inserting the zeroth order expressions, we have (147)
